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The & - p method in pseudopotential total energy
calculations: error reduction and absolute energies
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Abstract. The scope and potential of the & « p total energy method introduced in a previous
paper is further investigated. The method provides for the generation of rapid but approxi-
mate solution of the Kohn-Sham equations at many k-points from the exact solution at a
few k-points. The method is applied to three diverse aluminium structures and the errors are
partitioned into those which are due to the & - p method and those which are general to any
finite sampling method. Both of the errors that are associated with any finite sampling
technigque are shown to be significant even for dense sampling of k-space. One of the k- p
errors is shown to be insignificant. The other & « p error is significant. However, a method is
introduced whichallows the magnitude of the error tobe reducedto the level of insignificance.
The resulting & - p total energy method is shown to be immune from any additional errors
beyond those associated with any finite sampling method. Thus it is a quick and accurate
method for the calculation of absolure total energies.

1. Introduction

In principle a pseudopotential total energy calculation of an infinite solid within the
density functional formalism involves an infinite number of electrons, each described
by a solution of a Kohn—Sham equation (Kohn and Sham 1963). If the structure is
periodic then one may label the infinity of Kohn-5Sham eigenstates by a k-point index
which takes all values within a finite and well defined volume of reciprocal space.
Propertics of a state such as the eigenvalue vary continuously and relatively slowly with
respect to k-point index so that an infinite nember of electrons may be represented by a
finite number of electrons whose k-point index forms a grid within the first Brillouin
zone of the structure concerned,

In order to achieve this simplification even for aperiodic structures, one chooses to
impose periodicity by choice of a suitable supercell. The precise number of k-points
required for a given degree of convergence will vary from structure to structure. Semi-
conductors and insulators may be adequately treated using a relatively small number of
suitably chosen special A-points (Chadi and Cohen 1973), however, calculations on
metals show that for these structures, significantly larger sets of &-points are required.

In calculating energy differences between similar structures, errors due to insuf-
ficiently dense sampling within the Brillouin zone tend to cancel (Cheng et af 1987), but
incomparingdissimilar structurese.g. asurfaceand bulk, the same degree of cancellation
will not be present. For both these reasons there is often a need to sample at a large
number of k-points. However this is both time consuming and extremely demanding on
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computer memory with the result that adequately converged results are often unob-
tainable.

In a previous paper (Robertson and Payne 1990), hereafter referred to as 1, we
described a2 method which used exact sojutions of the Kohn~Sham equations at a small
number of k-points as a basis to generate quick and approximate solutions at a much
larger number of other k-points. (Here and throughout the rest of the paper we use the
word ‘exact’ to describe solutions of a given Hamiltonian in a full space of plane waves
that are reciprocal lattice vectors of the structure and that have energy below a given
cut-off. The word ‘inexact’ will refer to sclutions obtained with a subspace of this space
as is the case for instance in the k - p method). The usefulness of this k + p method was
demonstrated by performing calculations on FCC aluminium using a relatively small cut-
off energy of 100 eV. The procedure was shown to be up to several orders of magnitude
quicker than an exact solution, and subject to an extra error of only 2% in the calculation
of certain energy differences. The figure of 2% is relatively small, reflecting the promise
of the k - p method, but was helped by a large degree of error cancellation between
similar structures rather than being a truly low error in an absolute energy.

This paper has three major purposes:

(i) We show how to reduce any extra error in calculating eigenvalues by the k- p
method by up to two orders of magnitude so that they are reduced to the level of
insignificance. Thisensures that it is no longer necessary torely onthe error cancellations
which are only present when comparing similar structures.

(ii) We show the general applicability of the & - p method by using it to calculate
energies of aluminium in three diverse structures. These are the FCC structure, a line of
atoms and a square lattice.

(iii) We demonstrate that the effect of any error in the electronic charge density and
potential due to the use of k - p eigenstates is insignificant.

The combined effect of these three advances is to show that for a diverse range of
structures, the k - p method can generate total energies using a given grid of k-points
with the introduction of no significant additional errors and at a fraction of the com-
putational cost of ‘exact methods’. This transformation to a quick and accurate method
allows one to use very large k-point sets, effectively eliminating those errors due to
inadequate sampling of the Brillouin zone thus opening the path to calculating truly
absolute energies.

The layout of the paper is as follows. In section 2 we describe four errors that may
arise in a total energy calculation. These are errors in evaluating the charge density and
in evaluating the eigenvalue sum, and may arise due to either finite sampling of the
Brillouin zone or due to the use of the & - p method. In sections 3 to 3 we evaluate three
of these errors for the structures that we have chosen to study. In section 6 we evaluate
the most serious error of the four and show how the magnitude of the error may be
reduced by up to two orders of magnitude. In section 7 we present our conclusions.

The three structures that we will be concerned with are all formed from pure
aluminium, In each case the nearest-neighbour atomic separation is 2,85 A. The first
structure is the face centred cubic structure with a four atom cubic unit cell of lattice
parameter 4.0305 A. The second structure is a line of atoms. The unit cell is primitive
and tetragonal with dimensions 5.7 X 5.7 x 2.85 A, The final structure is asquare lattice.
Again the unit cell is primitive and tetragonal with dimensions 5.7 x 2.85 x 2.85 A, The
pseudopotential used to represent the aluminium ions is that of Goodwin et al (1990)
and we use the exchange and correlation energy function of Ceperley and Alder (1980)
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as parametrized by Perdew and Zunger (1981). Unless stated otherwise, the cut-off
energy used in the exact calculations in 190 eV. In the k - p calculations the 19 lowest
solutions at either k = 0 or k = (1/2a, 1/2b, 1/2¢)x are used as a basis, where a, b and ¢
are the dimensions of the particular unit cell. The k-point grids used throughout the
paper are those of Monkhorst and Pack (1976) where the notation 6° refers to a uniform
division of the first Brillouin zone into a 6 X 6 X 6 mesh of k-points. We generate the
density of states and hence the Fermi level and the occupancies of the eigenstates using
the Gaussian broadening technique developed by Fu and Ho (1983).

2. Definition of errors relevant to the & - p total energy method

In performing a pseudopotential total energy calculation, errors may arise from a
multitude of sources: from the use of anincomplete basis set for expanding the electronic
wavefunctions; from local density approximations to exchange and correlation or from
an inadequate pseudopotential. It is not these errors that we are concerned with in this
work. The errors that we are concerned with are those which arise from the consideration
of too few k-points in the Brillouin zone (finite sampling errors) and those which arise
from the use of the & - p approximation to generate eigenstates and eigenvalues (k- p
errors).

Throughout this paper, as in our previous paper, we will estimate the total energy of
a structure by use of the Harris energy functional {(Harris 1985), defined by

H= 3 0~ En[ )]+ Exlro @] = [ @1 it ()]0 P) + e (1)

where £ is the Hartree energy, Exc is the exchange-correlation energy, E, i is the
ion—ion interaction, .. is the exchange correlation potential, #2,,{r) is the input charge
density, & is the ith eigenvalue and w; is the corresponding occupation probability.
Errorsin the Harris expression for the energy are second order with respect to deviations
in the input charge density from the self-consistent density.

Evenifthe Harris expression for the energy is evaluated using a self-consistent charge
density, it may still be in error because either the self-consistent charge density used in
equation (1) is wrong or because, in spite of using the correct charge density, there is an
error in the eigenvalue sum. The error in the charge density may arise because too few
k-points are used to generate a self-consistent charge density; this will be called a “finite
sampling error in charge density™; or it may arise because the eigenstates that are used
to generate the charge density are approximate states generated by & - p theory; this will
becalleda“k - perror in charge density”. The error in the eigenvalue sum may also arise
from two sources. It may either be due to the fact that the eigenvalues are calculated at
too few k-points, “a finite sampling error in eigenvalue sum”, or it may be due to the
fact that the eigenvalues used are not exact but those obtained by the & - p method, i.e.
“a k - p error in the eigenvalue sum”,

More formally one should define the following.

(i) The exact sum. For a given input potential, a given cut-off energy and a given grid
of k-points, the exact sum is defined as the eigenvalue sum obtained by solving at each
k-point using the full basis of allowed plane waves with energies below the energy cut-
off. The solutions will not be self-consistent in general.
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(it) The k + p sum. For a given input potential, a given cut-off energy and a given grid
of k-points, the & - p sum is defined as the eigenvalue sum obtained by solving at each k-
point using the k - p method rather than the exact solution referred to above.

(iif} The finite samipling error in eigenvalue sum. For a given potential, k-point grid
and cut-off energy, this error is defined as the difference between the exact sum for that
k-point grid and the exact sum in the case of an infinitely fine k-point grid.

(iv) The k - p error eigenvalue sum. For a given potential, k-point grid and cut-off
energy, this is defined as the difference between the exact sum for that k-point grid and
the k - p sum for that k-point grid.

(v) The k- p error in charge density. In general, the number of k-points used to
generate the charge density (V) and the number of 4-points used to generate the
eigenvalue sum (N;) need not be equal. It is also possible to generate either, neither or
both the N, and N, solutions exactly or by the k - p method. The & - p error in charge
density is the ervor which arises because the N, solutions used to generate the charge
density are generated by the k - p method. Formally, for a given value N; of k-points
solved exactly to generate the eigenvalue sum, itis the error introduced by generating the
self-consistent charge density by V| k - peigenstates rather than by N, exact eigenstates.

(vi) The finite sampling error in charge density. The finite sampling error in the charge
density is the error that arises because the charge density is generated by too few (N,)
exact eigenstates. More formally, for a given number of (N,) exact solutions used to
generate the eigenvalue sum, it is the error introduced by using a finite number (N,)
rather than an infinite number of exact solutions in order to generate the charge density.

The two finite sampling errors arise purely due to coarse sampling of the Briflouin
zone. They are the errors that are general to total energy pseudopotential calculations
and they can be systematically reduced by finer sampling in k-space. The two k - perrors
are new errors that the & - p method has introduced. Computationally, the & + p method
is several orders of magnitude faster than previous methods which allows one to use
much larger k-point sets than would otherwise be possible. It consequently allows finite
sampling errors to be reduced. It is important to establish that the k - p errors can be
made smaller than the finite sampling errors or the use of such a scheme will not reduce
the magniude of the error in the total energy. In the next four sections we evaluate each
of these four errors. We show that if uncorrected the largest of these errors is generally
the k - perror in the eigenvalue sum. Without correction this error would limit the scope
of k- p calculations. However, we show how one may reduce this error significantly
with the result that for k-point grids of interest, the k - p errors become negligible in
comparison with the errors due to finite k-point sampling. This allows accurate absolute
total energies to be calculated using the k - p method.

3. k- p errors in the charge density

FCC aluminium is rather free-electron like. Hence, the Kohn-Sham eigenstates at dif-
ferent k-points generate very similar charge densities. Any problems that are associated
with error in the charge densities either due to finite sampling or due to % - p errors are
far more likely to show up in a less free-electron-like structure. It is for this reason that
in the next two sections we concentrate on the linear structure and the square lattice.
In order to evaluate the k - p error in the charge density we perform two calculations
oneach of the twostructures. First we performan exact Car-Parrinello (1985) calculation
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Table 1. The & « peigenvalue sum of a 2* grid of &-points and the corresponding total energy
of the line and square lattice using exact and k - p generated potentials.

Eigenvalue sum for 23 grid (eV) Total energy (¢V)
Line
Using exact potential ~18.31192 —55.662 31
Using k - p potential -18.43419 —55.662 39
Square lattice
Using exact potential ~17.88696 —56,429 45
Using & - p potential ~17.93120 —56.429 44

using the modified algorithm of Payne et af (1986) with 2 Monkhorst Pack grid of 22,
using an energy cut-off of 190 eV for the plane wave basis set and iterating to self-
consistency. We then perform the same calculation using the 19 lowest bands at k= 0
to generate k - p solutions over the same 2° Monkhorst Pack grid, again iterating to self-
consistency. In each case we store the final self-consistent charge density, one exact and
one produced by the & - p method. In order to achieve a fair comparison between these
charge densities it is important to treat them in an identical manner. In particular the
eigenvalue sums must be calculated in the same way. The & - p charge density is used to
generate a potential from which the 2° eigenvalue sum is evaluated exactly. The Harris
expression in each case may then be evaluated by adding an exact eigenvalue sum to the
other contributions. By this apparently tortuous route we ensure that any difference
between the two values for the energy is due to differences in charge density and not to
differences in the methods of generating the eigenvalue sum. The results are shown in
table 1. Giventhe excellent agreement between the two sets of results we may confidently
conclude that k - p error in the potential produces an error in the total energy of the
order of 10~*eV and is consequently negligible.

4. Finite sampling error in the charge density

For the reason outlined in the previous section, we again restrict ourselves to the two
non-close-packed structures. Strictly speaking the finite sampling error in the charge
density is defined as the difference between exact calculations as the number of k-points
used to generate the charge density is changed. In order to save time we estimate this
error as the difference between k& - p calculations as the number of k-points used to
generate the charge density is changed. In the previous section it was noted that the k - p
error in the charge density was negligible. The k - p error in eigenvalue sum is primarily
dependent on the number of points used to generate the eigenvalue sum, N, For a fixed
" N any k- p errors will largely cancel. Given these two facts we proceed as follows.

For each structure we have performed & - p calculations using a cut-off energy of
190 eV, using 19 bands at & = 0 and Monkhorst Pack grids of 17, 2%, 43, 63, 6%, 8%, 10°.
In each case we iterate to self-consistency in the manner referred to in our previous
paper. In each case the final self-consistent charge density and potential is stored. The
potentials are then used to generate the 19 lowest exact non-self-consistent solutions at
k= (1/2a,1/2b, 1/2c)7 and these are used to evaluate k - p solutions over a Monthorst
Pack grid of 16°.
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Table 2. The k- p eigenvalue sum of a 16* k-point grid and the corresponding total energy
for our linear structure (see text), as 2 function of the size of the grid of k + p k-points used to
penerate the potential.

Grid for potential Eigenvalue sum for 16* grid (eV)  Energy (eV)

E -18.13428 -56,23378
23 -19.03864 -56.26684
43 —-19.31846 -56,28357
6 —18.76658 . —56.25577
g —-18.20438 —-56.24630
103 —18.101 05 ~56,24673

Table 3. The k - p cigenvalue sum of a 16° k-point grid and the corresponding total energy
for our square structure (see text), as a function of the size of the grid of & - p k-points used
to generate the potential,

Grid for potential Eigenvalue sum for 16® grid (¢V)  Energy (eV)

1! —~18.18896 ~57.39776
2} —19.01478 —57.51302
4} —16.67725 —57.24737
6 —16,164 88 —57.23681
g -16.403 46 -57.23968
10° —-16.61608 —57.24473

The eigenvalue sums obtained in each case can be used in equation (1) with the
charge densities which produced them to generate a series of estimates of the energy.
The energies are calculated using a fixed number of 4-points to generate the eigenvalue
sum but a variable number of k-points to generate the charge density. The variation of
the energy with respect to the size of the grid used to generate the charge density gives
a measure of the finite sampling errors in the charge density.

Table 2 shows the results for the line of atoms and table 3 the results for the square
lattice. For the square lattice there is a sharp change in energy as the grid size isincreased
from 1% to 43. After that the convergence is rather more erratic and for a 10° grid the
finite sampling error is still of the order of 0.01 eV. For the line the finite sampling error
in charge density is less but there is still evidence of significant error for k-point grids as
large as 10°%.

The conclusion of this and the previous section is that use of the & - p method is fully
justified for generating charge densities. Any extraerrorsintroduced by the k - pmethod
in charge density are negligible compared to the finite sampling errors that the method
is attempting to overcome.

5. Finite sampling error in the eigenvalue sum

This error was considered in paper 1. It is important to reconsider it here since the
magnitude of the error was only studied for one structure and it was evaluated with
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Table 4. The finite sampling error in eigenvalue sum for the three structures. The potential
in each case is that self-consistent potential generated by an 8° grid of k - p k-points. The
‘grid” column refers to the grid dimension over which the eigenvalue sum is evaluated.

Grid Eigenvalue sum for line (¢V) Eigenvalue sum for square lattice (¢V) Eigenvalue sum for rcc (eV)

2 —17.63913 : —15.78747 —35.1274
4  ~18.12005 -16.11274 ~35.69591
6 —18.04586 —16.35061 —35.91294
8 —18.19395 —-16.41868 —35.98356
10 -18.22886 —-16.37836 —35.98355
12 -18.23773 —16.38987 -35.95565
14 -18.22022 —16.40495 —35.95502
16 ~18.20438 —16.403 46 ~35.96136
18 —-18.19247 —16.38951 —35.96252
20 -18.20534 ~16.39795 —35.96022
22 —18.21450 ~16.40237 —35.95540
24 —18.21593 —16.39792 —35.95702
26 -—18.21321 —16.396 35 —35.95866
28 -18.20753 —~16.39946 —35.95879
30 -18.20363 —-16.38978 —35.95777
32 -18.20785 —-16.39720 —-35.95761
40  -18.20851 —16.39733 —35.95800
48 -1821135 —16.39817 —35.95743
56  —18.20906 —16.39808 —35.95761
64 -18.20929 —-16.39826 ~35,957 50

relatively small k-point sets. The error is defined as the difference in the exact eigenvalue
sum for finite and infinite grid.

Finite sampling errors in the eigenvalue sum are simply the result of numerically
integrating the expression

eigenvalue sum = f eN{e)w(e) de. (2)

Where N(¢) is the density of states at energy £ and w(e) is the Fermi function which
should in principle be evluated at absolute zero but in practice is evaluated nearer room
temperature.

Although the precise value of an eigenvalue sum depends on the exact N{(g), its
general convergence with respect to number of sampling points should be insensitive to
small changes in that density of states. For this reason it is possible to investigate the
finite sampling errors in the exact eigenvalue sum by the significantly faster procedure
of investigating the finite sampling errors in the k - p sum. This has been done for the
three structures under consideration. In each case we take the self-consistent charge
density produced by an 8 grid of k - p points (see section 4) and use this potential to
generate the 19 lowest exact solutions at k = ({a, $b, 3c)xr. These solutions are then used
to generate the k - p eigenvalue sum over grids ranging from 23 to 64°, The results are
displayed in table 4.

The rate of convergence differs for each of the structures studied. This demonstrates
that relying on finite sampling errors to cancel for different structures is unlikely to be
particularly successful. The convergence is worst for the line of atoms with the finite
sampling error for a grid of 16> k-points is still of one order 0 0.01 eV.
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Table 5. The variation of k - p surn, exact sum and k - p error with cut-off energy for the Fce
structure. The number of allowed plane waves (NPW) is also shown for each energy.

Eq(eV) wNPw R psum{eV) Exactsum (eV)  k-perror (meV)

12.46.

30 27 —29.85531 —29.89777
40 33 —-30.12406 —-30.17364 49.58
30 57 —31.49117 —31.55048 99.31
&0 81 —32.21295 -32.31775 104.80
0 81 —32.21295 =-32.3775 104.80
80 93 -32.73158 —32.83976 108.18
90 123 -33.54922 -33.65904 . 109.82
100 147 ~34.10174 -34.21351 .. 11L77
110 171 —~34.47171 —34.58389 - 112,18
120 179 —34.53747 —34.64946 111.99
130 251 ~35.57279 —35.68907 116.28
190 389 —-35.983156 '

6. k + perror in the eigenvalue sum

Investigations of this error in 1 were restricted to the case of FCC aluminium using a cut-
off energy of only 100 eV. Results of that investigation suggested that the error was of
the order 0f 0.03 eV per atom (0.12 eV for a four-atom unit cell). This is larger than any
of the other errors dealt with in the previous sections and, as it stands, puts an upper
limit on the accuracy of the k - p method which restricts it to being a quick methed for
obtaining approximate results. In this section we show how to reduce this error by up
to two orders of magnitude. With this modification the k - p total energy method is
transformed to a quick method for calculating absolute energies to high accuracy.

Qur method is to calculate the k- p eigenvalue sum, the exact eigenvalue sum and
hence the k - perror in eigenvalue sum, for a series of cut-off energies far below the cut-
off energy that we actually wish to use. {Given the low cut-off energy, the time taken to
do this is very small.) We then try to relate the & + p error in eigenvalue sum and the k - p
eigenvalue sum by a function of the form

k - perror in eigenvalue sum
= A + B(k - p eigenvalue sum) + C(k - p eigenvalue sum® + . . .). 3)

(Note that the k - p error as a function of the plane wave cut-off is a series of steps and
as such would not be amenable to fitting to a polynomial form). We use this function (3)
to estimate the k - p error in eienvalue sum for the high cut-off energy that we actually
wish to use. By adding this correction term to the & - p eigenvalue sum for that cut-off
energy, we hope to obtain a very accurate value for the exact eigenvalue sum,

The viability of this method rests on the extent to which the function (3) fitted at low
cut-off energies may be extrapolated to the high cut-off energies which we require. To
assess this method we demonstrate its use on the three structures under consideration.

For eachstructure we start by calculating the self-consistent charge density generated
by an 8° grid of k - p k-points as described in section 4. We use this charge density and a
series of energy cutoffs below 190 eV to generate the 19 lowest exact solutions at k =
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Table 6. The variation of & - p sum, exact sum and k + p error with cut-off energy for the
square lattice structure. The number of allowed plane waves (NPw) is also shown for each
energy.

E, (V) nwpw  kepsum(eV) Exactsum (¢V) k- perror (meV)

30 17 —14.369 63 —14.253 84 -115.81
40 29 -14.68828 —14.69719 8.91
50 39 -15.01340 —15.03252 19.12
60 47 -15.23671 —15.26119 24.48
70 55 -15.395 83 —-15.42190 26.05
80 77 -15.73998 ~15.77041 30.43
90 77 -15.73998 —-15.770 41 30.43
100 117 —-16.12070 -16.15523 34.53
110 17 -16.12070 -16.15523 34.53
120 151 —16.297 41 ~16.33290 35.49
130 151 ~16.29741 —16.33290 35.49
150 297 -16.41868

Table 7. The variation of k - p sum, exact sum and k - p error with cut-off energy for the line
structure. The number of allowed plane waves {(NPW) is also shown for each energy.

E..(eV) NPw  k-psum (eV) Exactsum(eV) k-perror (meV)

30 39 —16.04579 —16.058 59 12.80
40 51 —16.242 34 -16.26547 23.13
50 79 —16.667 (9 -16.71115 44.06
60 87 -16.774 61 —16.82031 45.70
70 119 —17.154 46 -17.20179 47.33
80 157 —17.47317 —17.52355 48.38
90 169 —17.56107 ~17.60%93 48.86
100 225 —17.849 05 -17.89904 49.99
110 233 —17.882 40 —17.93244 50.04
120 277 —18.003 25 ~18.05352 50.27
130 30 —-18.054 32 -18.10472 50.40
190 583 —18.19395

(1/2a, 1/2b, 1/2c) and hence k - p eigenvalue sums over an 8° grid. For the same charge
density, the same 82 grid and the same series of cut-off energies we evaluate the exact
eigenvalues sums. The difference between these two values for the sums is of course the
k+ p error in eigenvalue sum. The results of this process are displayed in tables 5, 6 and
7 and in figures 1, 2 and 3.

Figures 1, 2 and 3 shows the variation of the & - p error as a function of the & - p sum.
An increase in the cut-off energy decreases the k - p sum as a direct consequence of the
variational theorem. Similarly an increase in the cut-off energy tends to increase the
k- p error since the number of bands used to generate & - p solutions is fixed at 19
whereas the number of plane waves used to generate the exact solutions is enlarged. The
magnitude of both of these effects tends to progressively decrease at higher energies.
The k - p error tends to decrease most rapidly, reflecting the diminishing importance of
high-energy bands in the k - p sum, and thus producing a saturation in the curve. All
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Figure 1. A plot of k- p error against &+ p sum at various cut-off energies for a line of
aluminium atoms. The vertical dotted line indicates the & - p sum corresponding to 190 ¢V,
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Figure 2. A plot of k - perror against & + p sum at various cut-off energies for FCC aluminium.
The vertical dotted line indicates the k - p sum corresponding to 190 eV,

three curves (figures 1, 2, 3) show these effects, although the degree to which saturation
has occurred does differ. The saturation is the most pronounced in figure 1 with the k - p
error using a cut-off of 60 eV within 0.005 eV of the k - p error using a cut-off of 130 eV,
In fact the convergence of the k - p error per atom is best for the four atom rcc (figure 2)
and even for the square lattice (figure 3) the & - perror at 80 eV is within 0.005 eV of the
k-perrorat130eV.

For each of the figures 1-3, the abscissa of the point generated by the cut-off energy
of 190 eV is known since it is the & - p eigenvalue sum for this energy, and is recorded in
table 4. 1t is the corresponding ordinate that we wish to estimate by extrapolation. The
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Figure 3. A plot of k « p error against k - p sum at various cut-off energies for a square lattice
of aluminium atoms. The vertical dotted line indicates the & « psum correspondingto 190 eV.

briefest glance at the smoothness of each of the curves reveals the viability of an
extrapolation scheme. Our choice of the k - p eigenvalue sum as the argument in our
expansion (3), also ensures that the distance over which we must extrapolate is relatively
small.

The crudest method of estimating the k - p error is a zeroth order approximation.
That is simply using the k - p error at some low energy to estimate the k- p error at
190 eV. We generate a better estimate by use of a first-order approximation.

For the line of atoms use of the data for cut-offs of 60 and 70 eV to linearly extra-
polate to the k- p error for a cut-off of 130 eV gives a k- p error for that energy of
51.19 meV as compared to the true value of 50.40 meV. That is a discrepancy of
around 1 meV. Extrapolating from the point generated by the 70 eV cut-off to that
generated by the 130eV cut-off represents an extrapolation in the k-p sum of
0.85173 eV (=18.05352eV — 17.20179eV). The extrapolation of the k-p sum
required to reach the point generated by the energy cut-off of 190 eV is only slightly
furtherat 0.992 16 eV (=158.19395 eV — 17.201 79 e V) s0 we may take a value of 1 meV
as a fair indication of the error involved in linearly extrapolating to the 190 eV cut-off.

For the Focstructure use of the data for cut-offs of 80 and 90 eV tolinearly extrapolate
to the & - p error for a cut-off of 130 eV gives a k - p error for that energy of 113.87 meV
as compared to the true value of 116.28 meV, i.e. a discrepancy of under 3meV for a
four-atom unit cell. Again extrapolation to an energy cut-off of 190 eV is only slightly
further so we may take this error of under 1 meV per atom as the error involved in
linearly extrapolating to the 190 eV cut-off,

The square lattice is the most difficult case. Linear extrapolation using the data at
cut-offs of 60 and 70 eV gives a k - p error at 130 eV of 34.94 meV as compared to the
true value of 35.49 meV. The level of this agreement is slightly fortuitous since the
extrapolated value using the data at 70 and 80 eV gives the slightly inferior estimate of
37.52 meV.

In all cases then, even a crude linear extrapolation scheme of data at a low cut-off
energy can reduce the & - p error in eigenvalue sum to around 0.001 eV per atom i.e. by



8852 I J Robertson and M C Payne

up to two orders of magnitude. This is an order of magnitude less than the finite sampling
errors in the eigenvalue sum. In this context it may be concluded that the k - p error in
eigenvalue sum has been reduced to a level of relative insignificance.

It should be stressed that our comments here are intended to demonstrate the general
feasibility of an extrapolation strategy. The precise values of the lower cut-off energies
that are used will vary from situation to situation. In practice one would like a method
which allowed the predetermination of two cut-off energies at which evaluation of the
k - p error would provide adequate data for linear extrapolation. That is two cut-off
energies for which the & - p error is near saturation. One quick way to achieve this would
be to evaluate the k - p error in the eigenvalues at a single k-point at a series of cut-off
energies. The cut-off energy at which this k - pesror saturates being indicative of the cut-
off energy for which the full k - perror saturates. Since evaluating eigenvalues at a single
k-point is much quicker than evaluating them over a whole grid, this procedure requires
negligible extra time. The time taken for the whole & - perror determination is therefore
dominated by that time to generate two exact sums over the Brillouin zone non-self-
consistently and at alow cut-off energy. As has been said before, this time is insignificant
in comparison with the time taken for a full self-consistent solution at the high cut-off
energy.

Finally we note that this & - p error evaluation ran most smoothly for the structure
for which the plane wave basis set was largest. This is an extremely desirable state of
affairs given that it is these large structures for which the & - p method is required,
traditional methods being too time consuming.

7. Conclusions

The two finite sampling errors general to any method of total energy calculation have
been evaluated as a function of sampling density for three diverse aluminium structures.
The errors have been shown to be significant even for relatively large k-point sets
confirming that extremely time consuming calculations would be required to obtain
accurate absolute energies. One error associated with the & - p method has been shown
to be negligible. The other error associated with the k - p method has been shown to be
large but a technique has been developed which allows even this error to be reduced to
a level at which it is insignificant. The modified k - p total energy methed introduces no
significant errors and given the fast computational speed of the method it is possible to
use k-point sets several orders of magnitude larger than previously possible, thus
allowing finite sampling errors to be eliminated.
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